Abstract: Mach-Zehnder (MZ) modulators are widely used in optical transmitters to generate high-speed optical signals. With electronic dispersion compensation (EDC), the driving signals to MZ modulators change from digital to analog, or continuous waveforms. Consequently, there is signal degradation from their sinusoidal transfer curves. In this paper, we theoretically and numerically investigate the signal degradation in optical transmitters using MZ modulators in the presence of EDC. We show that the temporal waveforms follow the Gaussian distribution when the EDC is large, and therefore, the modulation index needs to be optimized between the output SNR and the excess insertion loss of MZ modulators. With varying modulation index, we quantify the output SNR and excess insertion loss of optical IQ modulators that consist of two parallel MZ modulators. The calculations are also extended to the scenarios where the sinusoidal transfer curves are compensated for. All the analytical results are verified in a simulation of QPSK transmissions, and they are useful for finding an optimized modulation index for a tradeoff between the output SNR and excess insertion loss.
Introduction
Optical Mach-Zehnder (MZ) modulators based on interference are ubiquitous for electrical-to-optical conversion in optical fiber transmissions. While the LiNbO3-based modulators are dominant to realize the high-speed and high-quality signal generation [1] , other materials have been exploited for lower driving voltages and smaller footprints [2] - [4] . Further, the so-called optical IQ modulators using two nested MZ modulators are the key enabler for the generation of various advanced modulation formats that are targeted for the perpetual pursuit of higher capacity and longer distance optical transmissions [5] - [11] . Accordingly, the driving signals to IQ modulators vary significantly. For conventional multi-carrier-based OFDM transmissions, it is well-known that the temporal waveforms Fig. 1 . Structure of an optical IQ modulator using two parallel MZ modulators. The inset shows the transfer curve of the MZ modulators biased at the null point. The chirp factor is assumed to be zero.
are analog and follow the Gaussian distribution in general [12] . Due to their sinusoidal transfer curves, the MZ modulators induce signal degradation during the electrical-to-optical up-conversion, which has been discussed in [13] , [14] . For advanced OFDM transmissions that include nonlinear pre-distortion, the waveforms are also spiky and bursty [15] . Again, they would experience certain signal degradation in IQ modulators. On the other hand, the waveforms for single-carrier systems have evolved from digital to analog. When the transmission speed is low, the waveforms are considered digital with several discrete levels. They are not sensitive to the nonlinear transfer curves and may suffer little signal degradation. As the transmission speed and transmission distance both increase, digital signal processing (DSP) has been introduced into the transmitter to filter the temporal waveforms. Broadly, there are two types of DSP in the single-carrier transmitter: pulse shaping and electronic dispersion compensation (EDC). The former is to contain the spectrum within the limited bandwidth of the optoelectronic devices in high-speed modulation, such as Nyquist pulse shaping [16] and faster-than Nyquist pulse shaping [17] , [18] . The latter may be used either to relax the dispersion compensation in the receiver side [19] or to help the fiber nonlinearity compensation [20] . In short, with DSP in the transmitter, the driving signals to MZ modulators become continuous and analog despite the digital modulation formats used for single-carrier systems. Consequently, the nonlinear transfer curve of MZ modulators introduces signal degradation. It is possible to compensate for the transfer curve by using the inverse function. However, to guarantee the analogue signal performance, the MZ modulators may be driven with a small modulation index, which induce excess insertion loss, especially when the MZ modulators are biased at the null point [5] , [6] . Although the aforementioned signal degradation and excess insertion loss are widely recognized in many applications, there are no quantified results, to the best of our knowledge. They will be important for finding an optimized modulation index for a tradeoff between the acceptable signal quality and excess insertion loss. This paper is organized as follows. In Section 2, we show that in single-carrier systems, the driving signals of MZ modulators follow the Gaussian distribution, when the EDC is large enough. This is the main assumption of the theoretical analysis in this work. In Section 3, we calculate the output SNR from optical IQ modulators with varying modulation index, for with and without precompensation of the transfer curves. The calculation is verified in a simulation of coherent optical QPSK transmissions. In Section 4, we further compute the excess insertion loss and also verify the analytical results in simulation.
Driving Signals of MZ Modulators
In conventional single-carrier transmission systems, the driving signals of MZ modulators transmitters are digital with several discrete levels. For instance, as shown in Fig. 1 , to generate the QPSK format using optical IQ modulators, each MZ modulator is driven with a binary signal directly output from the coder. This modulation format is inherently not sensitive to the nonlinear transfer curves, and therefore, no signal degradation exists. However, if we use DSP after the coder, the driving signal may become continuous or analogue. Consequently, as shown by the inset of Fig. 1 , the sinusoidal transfer curve of MZ modulators leads to distortion and degrade the signal quality.
We focus on using the DSP for EDC. The multiple frequency components of a digital signal will walk off by EDC [21] . When the EDC is large enough, they might be totally de-correlated. Subsequently, the temporal waveforms would follow the Gaussian distribution by the argument of the central limit theorem. Since there are many advanced modulation formats, we cannot conclude that they all become Gaussian exactly with large EDC. Instead, we exemplify it with QPSK modulation in a simulation. In Fig. 2 , the histogram splits from discrete two levels to many levels, whose distribution can be well approximated by Gaussian fitting. The corresponding temporal waveforms become spiky, which resembles the well-known spiky OFDM waveforms that also follow Gaussian distribution [12] . The constellation also disperses from four convergent dots to a large number of dots, which also follow the two-dimensional Gaussian distribution in the complex plane.
The dispersion induces phase shift among all the frequency components of the signal. If the baud rate is B, this relative phase shift between the lowest and highest frequency within the optical bandwidth 2B is Ф D = 2πB 2 LDλ 2 /C, where L is the transmission length, D is the dispersion coefficient, λ is the wavelength, and C is the speed of light. With extensive simulation, we find that in order to treat the signals as Gaussian, this phase shift must be not smaller than 8π, so that the different frequency components are well de-correlated. Fig. 3 is the illustration of this condition when the EDC is used for transmissions using standard single-mode fiber (SSMF). For signals with larger than 10-GHz bandwidth transmitting hundreds of kilometers, they can be approximated as Gaussian. Therefore, this condition can be readily met in typical optical transmissions, and in the following analysis, we assume that the temporal waveforms after large EDC follow Gaussian distribution.
Signal Degradation From MZ Modulators
The sinusoidal transfer curves of MZ modulators induce signal degradation for analog signals. It is possible to compensate for them using DSP before MZ modulators, which is called precompensation in this work. It can be perfect if the modulation index is small enough to preserve the spikes in the waveforms. However, the excess insertion loss may be too large for practical applications. Increasing the modulation index with pre-compensation will also degrade the signal quality. We find that the noise generation is different for the cases with or without pre-compensation, and therefore, we discuss them separately.
Output SNR without Precompensation
Since the driving signals to MZ modulators after EDC become analog, we elect to start from the two-tone inter-modulation analysis [13] to evaluate the signal degradation. When the modulators are biased at the null point, the output of the optical IQ modulator in Fig. 1 with frequency f 1 and f 2 can be written as
The modulation index is defined as
Where σ is the RMS of the driving signals; D1 and D2 are the EDC-caused phase shifts at the frequency f 1 and f 2 , respectively. Expanding the in-phase and quadrature components using Bessel functions, the first-order output component at frequency f 1,2 can be expressed as
where J is the Bessel function at the different orders. The second-order output is zero because we bias the MZ modulators at the null point [13] . Note that this bias condition is used throughout this work. The third-order inter-modulation output at frequency 2 f 1,2 −f 2,1 can be expressed as
In the following analysis, s f 1,2 (t) is the linear component as signal and s 2f 1,2 −f 2,1 (t) is the third-order harmonic as noise. For simplicity, we ignore the higher order ones whose magnitudes are much smaller.
To extend the aforementioned analysis into multiple frequency components of conventional signals, for simplicity, we consider a flat spectrum within the bandwidth B and split it into multiple frequency components, as shown in Fig. 4(a) . Then we calculate all the third-order harmonics from the permutation of arbitrary two frequency components and sum them together as noise, as shown in Fig. 4(b) . Note that we use simple power summation for the harmonics, which means that they are un-correlated. This would be met by our assumption of large walk-off of frequency components in Section 2. The noise spectrum has a simple triangular shape with a peak value of 8 • 2 • J 1 (M/2) • J 2 (M/2) and spreads outside the signal's bandwidth, up to ±2B specifically. However, we only calculate the noise within the signal's bandwidth, since the receivers generally have low-pass filters. Finally, the concise form of the output SNR from the optical IQ modulator is
We conduct a numerical simulation of coherent optical QPSK transmissions with different modulation index to verify (5) and the results are shown in Fig. 5 with different phase shift by using different transmission bandwidths, resulting in different D . When the phase shift is small, the output SNR is much larger than the prediction of (5), because the signal with EDC has not become Gaussian. However, when the phase shift approaches 8π, especially when D > 8π, there is a good match between (5) and the simulation. Note that we plot a limited range of modulation index for practical significance, where the curve turns out to be quite linear in the logarithm scales.
Output SNR with Precompensation
It is possible to compensate for the sinusoidal transfer curves of MZ modulators. For instance, we can use the arcsine function in DSP before the MZ modulator, so the transfer curves become linear. The pre-compensation is written as [14] x = v π /π · arcsin x (6) where x' is the clipped and normalized input of the signal. Note that it might be difficult to implement (6) in practical applications, because of the deviation of the bias point and driving amplitude to match V π . If the modulation index is small enough, the transfer curves of MZ modulators can be treated as linear, the output still follows Gaussian. However, when the modulation index is too large, we have to clip the signals to fit them into the input range of arcsine function in (6) . This will induce the so-called clipping noise. Fortunately, it has been well discussed in OFDM systems [12] . The clipping slightly reduces the signal power, but mainly generates a white noise spectrum within the signal bandwidth. Following the derivation in [22] and using our definition of modulation index, the theoretical SNR after clipping is where erf denotes the error function, H n is Hermite polynomial of order n; A is the clip ratio. Fig. 6 shows the output SNR with or without pre-compensation. For simplicity, we only calculate n to 4 in (7). The simulation results are from the QPSK transmission at 50 Gb/s after 80-km SSMF, or D = 12.5π. In this work, A is set to unity, which corresponds to the maximal input into the arcsine function in (6) and the lowest excess insertion loss from MZ modulators. The clipping occurs when the signal strength σ increases. When the modulation index is small, the pre-compensation of the transfer curves significantly improves the output SNR. Particularly, when the modulation index is smaller than −10 dB, there is almost no noise, which means a very large SNR. When the modulation index increases, the SNR becomes lower due to the presence of the clipping noise. When the modulation index is smaller than −5 dB, there is a gap between the simulation and theoretical curves, because we do not sum n to infinite and has a round-off error in (6) . Meanwhile, when the modulation index is above 0 dB, the SNR is 3 dB higher than that without pre-compensation. This means the clipping noise is still small compare with the high order harmonic noise. Overall, Fig. 6 shows that the predicted SNRs by (5) and (7) match well with simulation results, either for with or without pre-compensation.
Excess Insertion Loss of MZ Modulators
When the driving signals become Gaussian, it is apparent that the modulation index should not be too large. This phenomenon has been well studied in OFDM systems, where the OFDM signals in the time domain are typically Gaussian. The resulted signals occasionally exhibit large amplitudes. To preserve the rare events of high peaks at the edge of the Gaussian distribution, the modulation index has to be small. It leads to a large excess insertion loss [13] , since the MZ modulators are biased at the null point when they are used in the optical IQ modulator, as shown in Fig. 1 . The insertion loss is defined as the power difference between input and output optical power of MZ modulators. The excess insertion loss is the excess loss of MZ modulators, excluding its inherent 3-dB loss from their MZ structure. In Section 3, we have quantified the output SNR of the system. With the same assumption of Gaussian distribution, we continue to calculate the excess insertion loss separately for with or without pre-compensation of the sinusoidal transfer curves of MZ modulators.
Excess Insertion Loss without Precompensation
With large EDC, the driving signals follow Gaussian distribution. Then its probability density function (PDF) is When the modulation index is small, the transfer curve can be treated as linear, so the outputs of MZ modulators are still Gaussian. The excess insertion loss is simply from the scaling of the variance, and written as
It can be further related to the modulation index as
Excess Insertion Loss with Precompensation
The pre-compensation for the transfer curves of MZ modulators make them linear, but only when the driving signal within the range of arcsine function in (6) . Then in this linear range with a small modulation index, the excess insertion loss is the same as in (10) .
When the modulation index is large, with the pre-compensation, the temporal signals have to be clipped to fit into the input range of the arcsine function. Note that there may exist other methods to accomplish this pre-compensation with the large modulation index, but our treatment is straightforward. Consequently, the PDF is changed to
where δ(x) is the Dirac delta function, and Q(x) is the well-known Q function. The insertion loss can be calculated from the variance of the changed PDF as:
It can also be related to the modulation index as
Fig . 7 shows the excess insertion loss versus modulation index, with or without pre-compensation, respectively. With pre-compensation, the simulation and the analytical results by (14) match well. Without pre-compensation, the simulation also matches well with (11), except for that when the modulation index is larger than 0 dB. The deviation is due to that the linear assumption in (10) becomes void.
Conclusion
In this paper, we have discussed that the driving signals of MZ modulators with large EDC can be approximated as Gaussian when the dispersion caused phase shift exceeds 8π. Consequently, the sinusoidal transfer curves of MZ modulators degrade the signal quality. We have shown that the noise is from inter-modulation without pre-compensation, or from the clipping noise with precompensation. We have quantified the signal degradation and the excess insertion loss with or without pre-compensation, respectively. The analytically results have been verified by the simulation results.
Note that although our results are derived for EDC, they may be applied directly if the driving signals follow Gaussian, independent of modulation formats and the DSP algorithms. They also provide a reference of further derivations when the statistics of the driving signals do not follow Gaussian. In addition, different modulation formats have different noise tolerance. We can further study this effect due to MZM modulators by combining our results with the BER equations for different modulation formats.
Finally, we plot our analytical results of (5), (7), (11), (14) in Fig. 8 , in which we intentionally make the excess insertion loss negative. It is apparent that the output SNR and excess insertion loss change in opposite direction with varying modulation index. If the SNR is specified in a system design, the corresponding excess insertion loss can be readily found, vice versa. The benefit of pre-compensation on insertion loss also becomes apparent. At a specified SNR, it allows a larger modulation index, and therefore reduces the insertion loss. For a practical application, the MZMs driven with the modulation indices around zero dB provide acceptable excess insertion loss and SNR. Therefore, our analytical results provide a useful tool to find an optimized modulation index for a tradeoff between the output SNR and excess insertion loss.
